We present a theoretical investigation of space separated electron and hole distributions, which consists in the self-consistent solving of the Schrödinger equations for electrons and holes and the Poisson equation.
Introduction
Direct wide band gap group III-nitride semiconductors based on GaN and its alloys have received a great attention due to their applications in optoelectronic devices such as light-emitting diodes and lasers at greenblue and near-ultraviolet wavelengths and solar-blind photodetectors [1, 2] . A number of ultraviolet lightemitting diodes [3] [4] [5] [6] [7] [8] and laser diodes [9] [10] [11] [12] [13] already have been demonstrated. Realizing the deep-ultraviolet semiconductor-based light-emitting diodes will provide compact high-efficiency light sources for various applications, for example to the biological detection and data storage [3] . Thus, these structures are in the developmental stage.
Here, we present a theoretical investigation of the intricate interaction of the electron-hole plasma with a built-in electric field. For this purpose, the calculation of a quantum well bandstructure is performed using the invariant method and the envelope approximation. We consider a quantum well of width w in GaN, which is oriented perpendicularly to the growth direction (0001) and localized in the spatial region −w/2 < z < w/2. In the GaN/AlGaN quantum well structure, there is a strain-induced electric field. This piezoelectric field, which is perpendicular to the quantum well plane (i.e., in z direction) may be appreciable because of the large piezoelectric constantsê in würtzite structures.
The confinement of wave functions has a strong influence on the optical gain which is observed with an implicit dependence on the built-in electric field which is calculated to be 2.3 MV/cm. Such fields are present in GaN/Al 0.3 Ga 0.7 N systems, because the strain is induced by the lattice mismatch. The relative magnitude of piezoelectric effects depends sensitively on the quantum-well width and the plasma density. In this paper, we present the results of theoretical studies of the space separation of electron and hole distributions on the basis of the self-consistent solution of the Schrödinger equations for electrons and holes and the Poisson equation. The Poisson equation contains the Hartree potential which involves the space distributions of the charge density for electrons and holes. We focus on details of the bandstructure for the sake of comparison of different quantum well structures. In the calculations of a band structure in the high-concentration regime, we discuss the treatment of the quantum confined Stark effect (QCSE). By comparing the gain spectra for two GaN/AlGaN quantum well structures with different well widths, we show the interaction of the bandstructure and the piezoelectric field. In particular, we will show that the wide-quantum-well structures, where the QCSE is appreciable, demonstrate a significant blueshift of the gain maximum, whereas the structures with a narrow well width exhibit the ordinary behavior of the light gain maximum almost without shifting the spectral region.
A similar blueshift of the exciton resonance was observed and analyzed on the microscopic level for GaInN/GaN quantum-well systems [14] . They reflect a perturbation of the compensation between the selfenergy and the field renormalization contribution to the microscopic interband polarization caused by a real spatial distribution of charges. Such a feature is characteristic of this quantum well and is not inherent to the GaAs quantum well die to the lacking of a piezoelectric field. Accounting the Coulomb renormalization of matrix elements of the electric dipole moment in the twoband model of quantum well structure causes a variation in the oscillator strength with a variation of the carrier density and the quantum well configuration.
In work [15] , the matrix elements of the dipole moment for interband transitions and the optical gain of a deformed würtzite GaN quantum well were presented without consideration of the intrinsic built-in piezoelectric field in the quantum well structure.
In work [16] , the laser gain was investigated for AlGaN würtzite quantum well structures. The optical gain spectrum was computed by simultaneously diagonalizing the kp Hamiltonian and by solving the Poisson equation. However, no significant shift of the gain maximum with increase in the plasma density in the framework of single structure was obtained. This indicates that, in the given structure in the high-density regime, QCSE is insignificant. This result coincides with our calculations of the gain shown in Fig. 5 .
In work [17] , a self-consistent calculation of the optical gain in pseudomorphically strained GaN quantum wells as a function of the carrier density was presented. But the spectrum renormalization and the electric dipole momentum which are caused by electron-electron and electron-hole Coulomb correlations were not considered there.
Understanding the influence of the bandstructure and QCSE on laser gain properties should help one to improve the laser performance and the optimal configurations of a device.
The light gain spectrum presented in the paper reflects only the strict TE (x or y) light polarization. It is known [18] [19] [20] [21] [22] that the valence-band spectrum at the Γ point originates from the sixfold degenerate Γ 15 state. Under the action of the hexagonal crystal field and the spin-orbit interaction in würtzite crystals, Γ 15 splits and leads to the formation of three spin degenerate levels: Γ 9 , upper Γ 7 , and lower Γ 7 levels.
In Section 2 for the processes of emission or absorption, we will calculate the energies and the wave functions of the lowest conduction subband and the valence subbands. The dependences of the matrix elements for dipole optical interband transitions and the light gain spectrum in GaN quantum wells on the quantum well width and the charge density are derived. Section 3 presents the Hartree-Fock light gain spectra and the matrix elements for dipole optical interband transitions that are calculated within the theory described in Section 2. By comparing the light gain spectra for two GaN/AlGaN quantum well structures of different well widths, we show the interaction of the bandstructure, polarization field, and charge density. We determined the red renormalization of the light gain spectrum caused by the electronelectron and hole-hole Coulomb interactions. It is found that the Sommerfeld enhancement composes 26.7 gain value, which was obtained in the Hartree problem. This enhancement of the electric dipole momentum is caused by the electron-hole Coulomb attraction.
Theory
We consider QCSE in strained würtzite GaN/Al 0.3 Ga 0.7 N quantum wells with widths 2.6 nm and 3.9 nm, in which the barrier height is a constant value for electrons and is equal to U 0 = 490 meV. The theoretical analysis of the optical gain of strained würtzite quantum well lasers is based on the self-consistent solution of the Schrödinger equations for electrons and holes in quantum well of width w with including Stark effect and the Poisson equation. The Poisson equation contains the Hartree potential which involves the charge density for electrons and holes. All researches are performed at a temperature of 300 K.
L.О. LOKOT
The first energy level of an electron in the quantum well of width w is equal to [23] 
where m = 0.19m 0 is an electron effective mass, and ξ is determined from equation
where γ = w 2 mU0 , tan ξ > 0, and ξ = k0w 2 . For k 0 , the following equality holds:
The wave function of an electron on the first energy level with regard for QCSE is as follows [24] :
Here,
where
. From the boundary conditions [23, 24] 
, where A is the area of a quantum well in the xy plane, ρ is the two-dimensional vector in the xy plane, and k t = (k x , k y ) is an in-plane wave vector. The constant multiplier C is found from the normalization condition
Such a representation of the wave function gives the information that the conduction band corresponds to the Γ 7 representation, which arises due to the splitting of the C 4 6v space group by the crystal field with Γ 1 . In other words, the conduction band wave functions originate from S atomic orbitals. This is important at the derivation of matrix elements of the electric dipole moment by the Wigner-Eckart theorem.
The strong mismatch of the lattices in GaN and Al 0.3 Ga 0.7 N leads to internal strains in the GaN layer. In noncentrosymmetric structures, the internal strains can induce a macroscopic built-in polarization field. This phenomenon is known as the piezoelectric effect. This phenomenon can also be described as a strain inducing an electric field. It is known that this piezoelectric field, which is perpendicular to the quantum well plane, can be significant because of the large piezoelectric constants in würtzite structures which are connected with one another:
whereê is the piezotensor, P sp is the spontaneous polarization,ǫ is the strain tensor, C 13 and C 33 are the elastic constants, and κ is the permittivity of the host material. We calculated the built-in piezoelectric field in the GaN/Al 0.3 Ga 0.7 N quantum well structure from relation (7) and found E ≃ 0.23 × 10 7 V/cm. We take [17, 25, 26] the following values for constants: C 13 = 106 GPa, C 33 = 398 GPa, e 31 = −0.44 × 10 8 V/cm, e 33 = 0.66 × 10 8 V/cm, P sp = −0.26 × 10 7 V/cm. The transverse components of the biaxial strain are proportional to the difference between the lattice constants of materials of the well and the barrier and depend on the Al content:
The longitudinal component of a deformation is expressed through elastic constants and the transverse component of a deformation:
One can find the functional, which is built from (4) and (5), in the form
z,⊥ = 0.19m 0 , and a cz,⊥ = −4080 meV [30] . The quantity U (z) can be represented in the form
To account the piezoelectric effects, we modify the Schrödinger equation for electrons and holes, by including an off-diagonal contribution to the electron-hole Hamiltonian. The Schrödinger equation for an infinitely deep quantum well with regard for the QCSE and the Hartree potential created by spatially separated electrons and holes can be presented in the form
whereĤ =Ĥ + + eEz + eΦ(z). We introduce the Bloch function written as a vector in the three-dimensional Bloch space:
and j = 1, 2, 3. The Bloch vector of the α-type hole with spin σ v = ± and momentum k t is specified by its three
The envelope z-dependent part of the quantum well eigenfunctions can be determined from the boundary conditions χ n (z = −w/2) = χ n (z = w/2) = 0 for an infinitely deep quantum well as
where n is a natural number. The hole wave function can be written as
where ν = {k t , α} in the envelope-wave approximation, in which the wave function is considered as a product of the envelope part χ(z)e iktρ and a periodic Bloch multiplier. The Bloch vectors in the envelope wave approximation are projections of the exact Bloch vector on the subspace of vectors with the symmetry inherent to the Γ point [27] . We have
, where 
The valence subband structure E σv α (k t ) can be determined by solving the system of equations
where i = 1, 2, 3. In the quasicubic approximation, the parameters of effective mass and deformation potential are connected by the relation [19, 21] :
In calculations, we take the effective-mass parameters for the valence band [29] as A 1 = −6.56, A 2 = −0.91, A 3 = 5.65, A 4 = −2.83, A 5 = −3.13, A 6 = −4.86, the parameters for deformation potential [30] as D 1 = 700 meV, D 2 = 2100 meV, D 3 = 1400 meV, D 4 = −700 meV, and the energy parameters at 300 K [15, 25] as E g = 3507 meV, ∆ 1 = ∆ cr = 16 meV, ∆ 2 = ∆ 3 = ∆ so /3 = 4 meV. Solving the Poisson equation
with the condition ∞ −∞ ρ(z)dz = 0 and with the selected wave functions, we find the Hartree potential eΦ(z):
, g α and g 1 correspond to the degeneration of the α hole band and the first quantized conduction band, respectively, e is the value of electron charge, κ is the permittivity of the host material, and f α,p (k t ), f 1n (k t ) are the Fermi-Dirac distributions for holes and electrons. Here we assume the charge concentrations 9 × 10 12 cm −2 , and 7 × 10 12 cm −2 .
Solving (12) for holes in the infinitely deep quantum well and finding the minimum of functional (8) for electrons in a quantum well with barriers of finite height, we can find the energy and the wave functions of electrons and holes with regard for the space distribution of electron and hole charge densities in the quantum well with given concentrations in a piezoelectric field. The screening field is determined by iterating Eqs. (8), (12) , and (21) until the convergence of bandstructure calculations is reached. We use the space carrier distribution of carriers in the lowest order for the envelopes of the wave functions of electrons and holes.
Consider the matrix elements of interband transitions:
The wave functions of the valence band transform according to the the representation Γ 1 +Γ 5 , while the wave function of the conduction band transforms according to the representation Γ 1 . In order to find the representation for M jσ→ j ′ σ ′ (k), let us consider the direct product
The symmetry elements of the point group C 6v are as follows:
where C n is the axis of the n-th order, 3σ v and 3σ ′ v are 6 planes of reflection which pass through the sixth-order axis. For these elements, we find the representation Γ 1 + Γ 5 :
The squares of irreducible representation elements are
We need to find
The symmetric representation can be found in the form
The antisymmetric representations are
The symmetric representation can be decomposed into the irreducible representations 2A 1 + E 1 + E 2 , whereas the antisymmetric one into A 2 + E 1 . Thus, the würtzite Hamiltonian H(ǫ, k) must include the even functions (with respect to the time inversion), which are transformed according to 2A 1 + E 1 + E 2 , and odd functions, which are transformed according to A 2 + E 1 [19] . The vector representation can be written as
and can be decomposed into the irreducible representations A 1 + E 1 . The representation, according to which the interband operator is transformed, can be decomposed into
Thus, the direct product of representations (31) reflects the existence of nonzero matrix elements of the electric dipole moment of interband transitions, because the vector representation can be formed from these representations.
Allowed matrix elements of the electric dipole moment S| σ c |ep|v i , σ v are found in the form
Due to the symmetry properties of the Bloch functions, the only nonzero matrix elements between the basis functions are [21, 23] S|p z |1, 0 = P z ,
wherep ± =p x ± ip y . Two constants of the matrix elements of the moment are as follows: P ⊥ ≡ S|p x |X and P z ≡ S|p z |Z . Due to the cylindrical symmetry, the matrix element depends only on the difference ϕ = ϕ E − ϕ k between the plane-projected angles of the vectors e E and k. To simplify calculations, we assume ϕ k = 0 and denote the spherical angles of the vector e by ϕ and θ [21] . We consider the case of a hole wave vector parallel to the c axis. In this situation, ϕ = 0 in our calculations, and the vector e in the spherical coordinates takes the form e = (sin θ cos ϕ, sin θ sin ϕ, cos θ), + ) +p z cos θ. It is known [21] that the values of constants |P z,⊥ | 2 can be found from the kp theory:
From the value of experimentally measured conductionband effective mass m (c) z,⊥ = 0.19m 0 and E g = 3.5 eV, we obtain
∼ 15 eV. In Fig. 3 , we show the k-dependence of the matrix elements for the quantum well. We see that the matrix elements have the strict x (or y) light polarization for the transitions from the heavy hole band to the conduction band, while for the z light polarization, these transitions are forbidden [32] . That is why the light gain spectra The optical gain of a material [15, 31] can be calculated from the Fermi golden rule Fig. 3 . Moment matrix elements for the x -(or y-) polarization (A) and the z-polarization (B): (1a) quantum well 3.9 nm in width at the concentration n = p = 9 × 10 12 cm −2 ; (2a) quantum well of width 3.9 nm at the concentration n = p = 7 × 10 12 cm −2 ; (1b) quantum well 2.6 nm in width at the concentration n = p = 9 × 10 12 cm −2 ; (2b) quantum well 2.6 nm in width at the concentration
where e is the magnitude of electron charge, m 0 is the electron rest mass in the free space, c is the velocity of light in the free space, κ = 8.27 is the permittivity of the host material, f c m and f v σv α are the Fermi-Dirac distributions for electrons in the conduction and valence bands, respectively, e is a unit vector of the vector potential of the electromagnetic field, E cv σv ,mα (k t ) is the in Fig. 4 . Calculated Hartree gain spectrum: (1a) quantum well 3.9 nm in width at the concentration n = p = 9 × 10 12 cm −2 ; (2a) quantum well 3.9 nm in width at the concentration n = p = 7 × 10 12 cm −2 ; (1b) quantum well 2.6 nm in width at the concentration n = p = 9 × 10 12 cm −2 ; (2b) quantum well 2.6 nm in width at the concentration n = p = 7 × 10 12 cm −2 Fig. 5 . Calculated Hartree-Fock gain spectrum for the quantum well 2.6 nm in width and at concentrations: n = p = 7×10 12 cm −2 (1) and n = p = 9 × 10 12 cm −2 (2) terband energy of the conduction and valence bands, ω is the optical energy, and γ is a half-linewidth of the Lorentzian function, which is equal 6.56 meV. We consider the electromagnetic wave which propagates in the plane of the quantum well. The modal gain, which determines the threshold condition of a laser, is proportional to the material gain multiplied by the optical confinement factor Γ and by the number a of quantum wells in the case of multiple quantum wells: α = α 0 Γ a. We take Γ equal to 0.01, and a is taken to be 1 in the calculations.
Although the carriers within each band are in a strongly nonequilibrium state, the interband relaxation times are much larger than intraband relaxation times. Therefore, the Fermi-Dirac statistics can be used in the calculations.
Using the expressions for the basis functions, we obtain two scalar polarizations for the matrix elements of the electric dipole moment. For the TE-polarization (ê =x orŷ⊥ c axis), i.e., for the light polarization vector lying in the quantum well plane, we have
For the TM-polarization (ê =ẑ c axis), i.e., for the light polarization vector, which is perpendicular to the quantum well plane, we have
Results and Their Discussion
To describe the interplay of the bandstructure and the polarization effects in the Hartree problem, we consider the 2.6-nm and 3.9-nm GaN/Al 0.3 Ga 0.7 N quantum well structures. In the quantum well 2.6 nm in width at a concentration of 9 × 10 12 cm −2 , a optical gain maximum is equal to 23673.7 cm −1 at the wavelength λ = 334.5 nm; while, at a concentration of 7 × 10 12 cm −2 , the optical gain maximum is equal to 14245.9 cm −1 . Such a gain is observed at the wavelength λ = 336 nm. In the quantum well 3.9 nm in width at a concentration of 9 × 10 12 cm −2 , the optical gain maximum is equal to 5752.7cm −1 at the wavelength λ = 348.3 nm; while, at a concentration of 7 × 10 12 cm −2 , the optical gain maximum is equal to 2840.8 cm −1 . Such a gain is calculated at the wavelength λ = 352.1 nm. Thus, the optical gain in the GaN/Al 0.3 Ga 0.7 N quantum well develops in the ultraviolet spectral region, as shown in Fig. 4 .
Numerically solving the Schrödinger equations (8) and (12) for electrons and holes and the Poisson equation (20) , the steady state solutions allow us to construct the squares of the wave functions of a heavy hole (1 ), a light hole (2 ) (e.g., at the transverse wave vector k t = 8 × 10 6 cm −1 ), and an electron (3 ) (A); the charge density distribution on the quantum well width (B); the effective screening electric field distribution (C); and the quantum well potential and the screening potential on the quantum well width (D). The results of calculations for the concentration 9 × 10 12 cm −2 for a 3.9-nm quantum well are shown in Figs. 1 and 2 , and the Hartree gain spectra are presented in Fig. 4 . For the narrow quantum well, we see that, at a density of 7 × 10 12 cm −2 , the light gain is gradually developed, as the carrier density increases. At high densities (i.e., when the density is equal to 9 × 10 12 cm −2 ), the optical gain develops nearly in the spectral region of the original optical gain at a plasma density of 7 × 10 12 cm −2 . The behavior of the light gain coefficient for two quantum well widths and at given concentrations can be understood from Figs. 1(A,B) and 2(C,D). From Fig. 1(A) , we see that the overlap between the quantum confined electron and hole wave functions is related to the charge density distribution over the quantum well width, which is shown in Fig. 1(B) . We can conclude that, for the wide quantum well, the overlapping integral is smaller than that for a narrow quantum well and reduces stronger with decrease in the carrier density.
The effective screening electric field distribution for wide-bandgap GaN/AlGaN quantum well systems, which is presented in Fig. 2(C) , is similar to that of the electric field in a condenser.
As shown in Fig. 4 , the situation is quite different for the 3.9-nm GaN/Al 0.3 Ga 0.7 N quantum well structure. Because of a weaker quantum confinement in this relatively wide quantum well, the piezoelectric field is able to significantly reduce the overlap between the quantum confined electron and hole wave functions, which can be seen from the comparison of Figs. 1 and 2. As a result the interband dipole matrix element or the oscillator strength is substantially smaller than that in the case for the narrow 2.6-nm quantum well. This intrinsic quantum confined Stark effect can also cause a significant redshift of the gain maximum at a plasma density of 7 × 10 12 cm −2 as compare with the flat-bottom band situation. As the plasma density increases, the screening of the QCSE increases the overlap of electron-hole wave functions and, hence, the exciton oscillator strength. Simultaneously, the weakened piezoelectric field, which induced earlier the redshift, leads to the net of blueshifts in the gain maximum and the absorption edge with increase in the plasma density, as shown in Fig. 4 .
To calculate the concentration dependence of manybody Coulomb effects in the absorption spectrum of a GaN quantum well, we apply the method developed in [14, 33, 34] . Numerically solving the microscopic polarization equation, we see that, with increase in the plasma density, the optical gain (i.e., negative absorption) develops in the spectral region of the original exciton resonance. With increase in the free-carrier density, the ionization continuum shifts rapidly to the long-wavelength side, whereas the 1s-exciton absorption line stays almost constant, due to a high degree of compensation between the weakening of the electron-hole binding energy and the band-gap reduction, like that earlier found for GaAs [35] . At high electron-hole concentrations, the electric dipole moment renormalization effects give rise to a large optical gain which is shown in Figs. 5 and 6. The maximum of the Hartree-Fock gain spectrum equal to 29991.2 cm −1 is observed at the wavelength λ = 339.1 nm at a concentration of 9 × 10 12 cm −2 . From Fig. 6 , we see that the Hartree-Fock spectrum is shifted to the long-wavelength side relative to the Hartree gain spectrum. Moreover, a large Sommelfeld or Coulomb enhancement is present in the quantum well. It is caused by an increase of the oscillator strength due to the electron-hole Coulomb attraction.
The exchange Hartree-Fock energy spectrum renormalization is accounted in the equation of motion for the microscopic dipole of the electron-hole pair. For high concentrations, this value is significant. It is somewhat larger for electrons and less for holes. Totally, this value is reflected in the Hartree-Fock gain shifting in comparison with the Hartree spectrum, as shown in Fig. 6 . It should be noted that the gain spectrum involves not only Hartree-Fock correlations, but correlations of higher orders in the expansion in the Coulomb potential energy. This is achieved by the summation of the series in the Coulomb energy in the microscopic polarization equation in all orders of perturbation theory. In more details, the microscopic polarization equation for the dipole of an electron-hole pair for the würtzite quantum well will be considered in our next paper.
Conclusions
In summary, the self-consistant calculations of the Schrödinger equations and the Poisson equation of wide bandgap GaN/AlGaN quantum well systems show the interesting dependences of the matrix elements for dipole optical interband transitions and the light gain spectrum Fig. 6 . Calculated Hartree-Fock gain spectrum for the quantum well 2.6 nm in width at the concentration n = p = 9 × 10 12 cm −2 (1) and the Hartree spectrum at the concentration n = p = 9 × 10 12 cm −2 (2) on the quantum well width and the charge density. A blueshift with increase in the plasma density in the gain spectrum in relatively wide wells occurs as a consequence of the screening of the piezoelectric field induced by the quantum confined Stark effect, whereas the structures with narrow well widths exhibit the usual dependence of the development of the light gain maximum almost without shifting the spectral region. It is found that the matrix elements of optical transitions from the heavy hole band have the strict TE light polarization like that of the light gain spectrum. With regard for the Coulomb interactioin, a red shift of the Hartree-Fock light gain spectrum relative to the Hartree gain spectrum and a large Sommerfeld enhancement for a quantum well are found.
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